






















BILINEAR INTEGRAL OPERATOR ON MORREY-BANACH SPACES
AND ITS APPLICATION
HUIHUI ZHANG, XIANGXING TAO, YANDAN ZHANG, AND XIAO YU
Abstract. In this paper, we give the definability of bilinear singular and fractional
integral operators on Morrey-Banach space, as well as their commutators and we prove
the boundedness of such operators on Morrey-Banach spaces. Moreover, the necessary
condition for BMO via the bounedness of bilinear commutators on Morrey-Banach
space is also given. As a application of our main results, we get the necessary conditions
for BMO via the bounedness of bilinear integral operators on weighted Morrey space
and Morrey space with variable exponents. Finally, we obtain the boundedness of
bilinear C-Z operator on Morrey space with variable exponents.
1. Introduction
Suppose thatM(Rn) is the collection of all the space of Lebesgue measurable functions
on Rn. Then, the definition of Banach function space (B.f.s.) is given as follows.
Definition 1.1. ([2]) A Banach space X ⊂ M(Rn) is said to be a Banach function
space (B.f.s.) on Rn if it satisfies
(i) ‖f‖X = 0 ⇔ f = 0 a .e.,
(ii) |g| ≤ |f | a.e. ⇒ ‖g‖X ≤ ‖f‖X ,
(iii) 0 ≤ fn ↑ f a.e. ⇒ ‖fn‖X ↑ ‖f‖X ,
(iv) χE ∈ M(Rn) and |E| < ∞ ⇒ χE ∈ X ,
(v) χE ∈ M(Rn) and |E| < ∞ ⇒
´
E
|f(x)|dx < CE‖f‖X , ∀f ∈ X for some CE > 0.
Remark 1.2. From [2, 13], we know that the Orlicz space and the Lebesgue space
with variable exponent are Banach function spaces. Moreover, from (v) of Definition
1.1, we have X ⊂ L1loc(Rn) for any B.f.s. X.
For the duality theory of Banach function space, we have
Definition 1.3. ([2, Chapter 1, Definitions 2.1. and 2.3]) Let X be a B.f.s. Then, the







∣∣∣∣ : g ∈ X, ‖g‖X ≤ 1
}
< ∞.
From [2], we know that if X is a B.f.s, X ′ is also a B.f.s. and we have the Hölder
inequality for X .
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Theorem 1.4. ([2, Chapter 1, Theorem 2.4]) Let X be a B.f.s. Then for any f ∈ X




From the factX,X ′ ⊂ L1loc(Rn), we know that the Hardy-Littlewood maximal function
is well defined on X and X ′. Thus, we give the following definition.
Definition 1.5. ([27]) For any B.f.s. X , we denote X ∈ M if the Hardy-Littlewood
maximal operator M is bounded on X . We also denote X ∈ M′ if M is bounded on X ′.
Here, we would like to mention that for the weighted boundedness of the Hardy-
Littlewood maximal function with variant conditions, one may see [3, 34] in the linear
version and see [31] for the multilinear version.
In 1938, Morrey [37] introduced the Morrey space in order to study the local behavior
of solutions to second order elliptical partial differential equations. The Morrey space
Mpq (R
n), 0 < q ≤ p < ∞, is the collection of all measurable functions f with its
definition defined by
Mpq (R
n) := {f ∈ Mpq (Rn) : ‖f‖Mpq (Rn) = sup
Q⊂Rn,Q:cubes
|Q|1/p−1/q ‖fχQ‖Lq(Rn) < ∞}.
Later, the studies of integral operators on Morrey spaces is extended to Morrey space
built on some non Lebesgue spaces such as the Morrey-Lorentz space ([1, 22]), the Orlicz-
Morrey space ([12, 40, 41]) and the Morrey space with variable exponents ([20, 25]).
Recently, Ho [25, 26, 27] introduced the Morrey spaces built on Banach function spaces
which is named Morrey-Banach space. However, Ho [27] mentioned that the the precise
definition of the action of linear singular integral operators on the Morrey type spaces
had not been solved. In [25, 26, 27] , Ho gave the pre-dual theory of Morrey-Banach
space and gave the foundation of singular integral operator and its commutator on such
spaces.
Now, we give the definition of Morrey-Banach spaces.
For B(z, r) = {x ∈ Rn : |x− z| < r} which denotes the open ball centered at z ∈ Rn
with its radius r > 0. Moreover, we denote B = {B(z, r) : z ∈ Rn, r > 0}.
Definition 1.6. ([25, 26, 27]) Let X be a B.f.s. and u(y, r) : Rn × (0,∞) → (0,∞)











for all f ∈ M(Rn).
When X is the Orlicz space, MuX(R
n) is the Orlicz-Morrey space and if X is the
Lebesgue space with variable exponent Lp(·)(Rn) andMuX(R
n) becomes the Morrey space
with variable exponent MLp(·),u(R
n). For more details about Lp(·)(Rn) and MLp(·),u(R
n),
one may see [8, 13, 23, 24, 35] et al.
Throughout this paper, for any weight function u(y, r), we suppose that u(x, r) belongs
to the class WαX as follows.
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Definition 1.7. Let X be a B.f.s. We say that a Lebesgue measurable function,
u(x, r) : Rn × (0,∞) → (0,∞), belongs to u ∈ WαX with α ≥ 0 if there exits a constant
C > 0 such that for any x ∈ Rn and r > 0, u fulfills
C ≤ u(x, r), ∀x ∈ Rn and r ≥ 1, (1.3)






u(x, 2j+1r) ≤ Cu(x, r). (1.5)
From [27], we know that if u(x, r) satisfies (1.3) and (1.4), then for any B ∈ B, χB ∈
MuX(R
n), which implies MuX(R
n) is not trivial.
On the other hand, the study of bilinear operator was developed a lot in the past
thirty years.
Let Tα : S(Rn)× S(Rn) → S ′(Rn) be a bilinear operator with its kernel Kα(x, y1, y2)
defined away from x = y1 = y2 where S(Rn) and S ′(Rn) are the space of Schwartz
functions and the space of tempered distributions, respectively. Moreover, Kα(x, y1, y2)
satisfies
|Kα(x, y1, y2)| ≤
C
(|x− y1|+ |x− y2|)2n−α
(1.6)
with 0 ≤ α < 2n.





Kα(x, y1, y2)f1(y1)f2(y2)dy1dy2. (1.7)
It is easy to see that ifKα(x, y1, y2)f1(y1)f2(y2) is integrable, then using the dominated
convergence theorem, we conclude that the limit of (1.2) exists.
If α = 0, the operator T0 can be regarded as a truncated approach of the bilinear
singular integral operator. From [17], we know that T0 is well defined for fi ∈ Lqi(Rn)
with 1 ≤ qi ≤ ∞.
For the case K0(x, y1, y2) is of convolution type, that is K0(x, y1, y2) = K0(x− y1, x−
y2). This operator was first studied by Coifman and Meyer [9]. Later, for the con-
volution type of bilinear singular integral operator, the authors in [6, 11, 18] studied
the boundedness of such operator with a rough kernel on Lp space and Lp space with
variable exponents.
When 0 < α < 2n, Tα can be dominated by the bilinear fractional integral operator
which was first studied by Kenig and Stein [30]. For the earlier theory related to bilinear
fractional integral operator, one may see the paper [14].
Obviously, as the definition of T0 is given in term of pointwise limit and we need
to estimate T0 on a neighbourhood of x ∈ Rn, we cannot use it directly to study the
boundedness of T0 on MuX(Rn). Thus, we extend Tα(~f)(x) as follows.
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Definition 1.8. Let Xi (i = 1, 2) be B.f.s. with Xi ∈ M
⋃
M′ and u1, u2 ∈ WαX with
0 ≤ α < 2n. Let Tα be a bilinear integral operator defined by (1.2). Suppose that Tα is
bounded from X1 ×X2 to Y with |B|
α
n‖χB‖Y ‖χB‖X′1‖χB‖X′2 ≤ C|B|2 and B ∈ B. For
f1 ∈ Mu1X1(Rn), f2 ∈ M
u2
X2
(Rn) and x ∈ B(z, r) ∈ B, we define












This paper is organized as follows. In Section 2, We show that T̃α and its commtator is
well defined on MuY (R
n) and prove the boundness of T̃α and its commutator on MuY (Rn).
In Section 3, we get the necessary condition for BMO function via the bounedness of
commutators related to bilinear integral operators on MuX(R
n). In Sections 4 and 5,
we give some applications from our main results. Finally, we show the boundedness of
bilinear C-Z operator on Morrey type spaces with variable exponents.
2. The definability and boundedness of bilinear integral operator and
its commutator on MuY (R
n)
.
2.1. Bilinear integral operator on MuY (R
n). Before showing that T̃α is well defined
on MuY (R
n), we give some lemmas that will be very useful throughout this paper.
Lemma 2.1. ([21, 27]) Let X be a B.f.s.. If Xi ∈ M
⋃
M
′, there exists a constant
C ≥ 1, such that
|B| ≤ ‖χB‖X‖χB‖X′ ≤ C|B|.
Theorem 2.2. Let Xi(i = 1, 2) and Y be B.f.s. with Xi ∈ M
⋃
M′ and ui ∈ WαX
with 0 ≤ α < 2n. Let Tα be a bilinear integral operator defined by (1.2). Suppose
that Tα is bounded from X1 × X2 to Y with |B|
α
n‖χB‖Y ‖χB‖X′1‖χB‖X′2 ≤ C|B|2 and
B = B(z, r) ∈ B. For f1 ∈ Mu1X1(Rn), f2 ∈ M
u2
X2
(Rn) and x ∈ B(z, r) ∈ B, T̃α :
Mu1X1(R
n)×Mu2X2(Rn) → MuY (Rn) is a well defined operator with u = u1u2.
Moreover, for any f1 ∈ X1
⋂
Mu1X1(R



















=: A+B + C +D.
Recall that fi ∈ MuiXi(Rn) and B(z, r) ∈ B. As Tα is bounded from X1 ×X2 to Y and
fiχB(z,2r) ∈ Xi with i = 1, 2, we know that A is well defined.
For B, we denote






























where α = α1 + α2 and α1, α2 ∈ (0, n).
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where aj , bj > 0 and r > 1. Then, from (1.5) and the fact α = α1 + α2, we obtain
∞∑
j=1







































































are integrable. Thus, the second, third and fourth term on the right hand side of T̃α are
all well defined.
BILINEAR INTEGRAL OPERATOR ON MORREY-BANACH SPACES 7
Next, we would like to show that the definition of T̃α is independent of B(z, r) ∈ B.


























Let B(s,M) ∈ B be selected so that B(z, 2r)⋃B(w, 2R) ⊂ B(s,M). According to the





are all integrable. Thus, for any x ∈ B(z, r), we have




























































































































































































































































































































which implies that T̃α is well defined when fi ∈ MuiXi(Rn)(i = 1, 2).
When fi ∈ Xi
⋃
MuiXi(R

























Obviously, by the linearity of Tα, we have T̃α(~f)(x) = Tα(~f)(x).
Next, we show the bounedness of T̃α on MuY (Rn).
Theorem 2.3. Let Tα be a bilinear integral operator. Let X1, X2 and Y be B.f.s.
satisfying |B|αn ‖χB‖Y ‖χB‖X′1‖χB‖X′2 ≤ C|B|2 with B = B(z, r) ∈ B. Set u(x) =
u1(x)u2(x). If ui ∈ WαXi, Xi ∈ M
⋃
M′ and Tα is bounded from X1 ×X2 to Y , then T̃α
is bounded from Mu1X1(R
n)×Mu2X2(Rn) to MuY (Rn).
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From [27], we know that if ui ∈ W0Xi, there exists a constant C, such that for any z ∈ Rn
and r > 0, there is
ui(z, 2r) ≤ Cui(z, r). (2.2)
By checking the proof of (2.2), we know that if ui ∈ WαXi, (2.2) still holds. Thus, using





















which completes the proof of Theorem 2.3.
2.2. The bilinear commutator on MuY (R
n). We say that a locally integrable function











For b ∈ BMO and T is a linear singular integral operator, the commutator of T is
defined by
Tb(f)(x) = b(x)T (f)(x)− T (bf)(x), f ∈ X.
When X = Lp(p > 1), Coifman, Rochberg and Weiss [10] proved that Tb is bounded on
Lp(Rn) if and only if b ∈ BMO.
For the commutator of bilinear integral operator, one may see the boundedness of
T biα (~f)(x) on product Lp spaces from [7, 33, 42] et al. Here, the definition of T biα is
T biα (~f)(x) = bi(x)Tα(~f)(x)− Tα(f1, f2, · · · , bifi, fi+1, · · · , fm)(x). (2.3)
Similar to Definition 1.6, we introduce the following commutator of bilinear integrals
operators.
Definition 2.4. Let X1, X2 and Y be B.f.s. with Xi ∈ M
⋃
M′ and u1, u2 ∈ WαXi.
Let Tα be a bilinear integral operator defined by (1.6). Suppose that T biα is bounded
from X1 × X2 to Y with |B|
α




f2 ∈ Mu2X2(Rn) and x ∈ B(z, r) ∈ B, we define








Kα(x, y1, y2)f1(y1)f2(y2)(bi(x)− bi(yi))dy1dy2




Kα(x, y1, y2)f1(y1)f2(y2)(bi(x)− bi(yi))dy1dy2.
Next, We show that T̃ biα (~f)(x) is well defined on MuY (Rn).
Theorem 2.5. Let X1, X2 and Y be B.f.s. with Xi ∈ M and ui ∈ WαXi. Let T biα be a
commutator of bilinear integral operator defined by (2.3). Suppose that Tα and T biα are
bounded from X1 × X2 to Y with Y ∈ M′ and |B|
α
n‖χB‖Y ‖χB‖X′1‖χB‖X′2 ≤ C|B|2 for







j+1r) ≤ Cui(x, r). (2.4)
For f1 ∈ Mu1X1(Rn), f2 ∈ M
u2
X2





n) is a well defined operator with u = u1u2.
Moreover, for any f1 ∈ X1
⋂
Mu1X1(R
n) and f2 ∈ X2
⋂
Mu2X2(R
n), there is T biα (~f)(x) =
T̃ biα (~f)(x).
Proof. Without loss of generality, it suffices to prove i = 1. Similar to the proof of
Theorem 2.2, we only need to show that for any x ∈ B(z, r),
χRn\B(z,2r)(y1)χRn\B(z,2r)(y2)Kα(x, y1, y2)(b1(x)− b1(y1))f1(y1)f2(y2),
χRn\B(z,2r)(y1)χB(z,2r)(y2)Kα(x, y1, y2)(b1(x)− b1(y1))f1(y1)f2(y2)
and
χB(z,2r)(y1)χRn\B(z,2r)(y2)Kα(x, y1, y2)(b1(x)− b1(y1))f1(y1)f2(y2)
are all integrable.
Denote








From [27], we know that if a Banach function space X ∈ M, there is
‖χB(z,r)(b1(·)− (b1)B(z,r))‖X′ ≤ C‖b1‖∗‖χB(z,r)‖X′ (2.5)
and

















(b1(x)− b1(y1))Kα(x, y1, y2)f1(y1)f2(y2)dy1dy2.
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|(b1)B(z,r) − b1(y1)|Kα(x, y1, y2)f1(y1)f2(y2)|dy1dy2
=: Ij + IIj.



































where α = α1 + α2 with αi ∈ (0, n).
For Ij , there is









































where the last inequality follows from the fact that b1 ∈ BMO implies |b1(x)− (b1)B(z,r)|
is finite almost everywhere.
Next, we will give the following estimates.


















|b1(y1)− (b1)B(z,r)||Kα(x, y1, y2)f1(y1)f2(y2)|dy1dy2
=: III + IV.
For III, from the similar estimates of C, we have






































































Using the Hölder inequality for B.f.s., there is
ˆ
B(z,2r)
|f2(y2)|dy2 ≤ ‖χB(z,2r)f2‖X2‖χB(z,2r)‖X′2 .








































|((b1)B(z,r) − b1(y1))Kα(x, y1, y2)f1(y1)f2(y2)|dy1dy2
=: V + V I.
For V , similar to the estimates of C, there is


























= V I1 × V I2.
Using the Hölder inequality for B.f.s and (2.1), we obtain
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which implies H < ∞.
Similar to the proof of Theorem 2.2, for any x ∈ B(z, r)⋂B(w,R) with B(z, R), B(w,R) ∈
B and B(z, r)
⋂
B(w,R) 6= ∅, we have
T b1α (~fχB(z,2r))(x) +
ˆ
(Rn\B(z,2r))2








(b1(x)− b1(y1))Kα(x, y1, y2)f1(y1)f2(y2)dy1dy2
= T b1α (~fχB(w,2R))(x) +
ˆ
(Rn\B(w,2R))2








(b1(x)− b1(y1))Kα(x, y1, y2)f1(y1)f2(y2)dy1dy2,
which implies that T̃ b1α is well defined on MuY (Rn).
When fi ∈ Xi
⋂
MuiXi(R
n), the estimates of F,G and H guarantee that
χB(s,M)\B(z,2r)(y1)χB(s,M)\B(z,2r)(y2)|b1(x)− b1(y1)||Kα(x, y1, y2)||f1(y1)f2(y2)|,
χB(z,2r)(y1)χB(s,M)\B(z,2r)(y2)|b1(x)− b1(y1)||Kα(x, y1, y2)||f1(y1)f2(y2)|
and
χB(s,M)\B(z,2r)(y1)χB(z,2r)(y2)|b1(x)− b1(y1)||Kα(x, y1, y2)||f1(y1)f2(y2)|
are all integrable. Thus, we obtain



















Obviously, the linearity of T b1α implies that T̃ b1α (~f)(x) = T b1α (~f)(x).
Consequently, we finish the proof of Theorem 2.5.
Theorem 2.6. Let Tα be a bilinear integral operator and bi ∈ BMO. Let X1, X2 and
Y be B.f.s. satisfying |B|αn ‖χB‖Y ‖χB‖X′1‖χB‖X′2 ≤ C|B|2 for any B = B(z, r) ∈ B. Set
u(x) = u1(x)u2(x). If ui ∈ WαXi satisfies (2.4), Xi ∈ M, Y ∈ M′, Tα is bounded from
X1 ×X2 to Y and T biα satisfies
‖T biα (~f)‖Y ≤ C‖bi‖∗‖f1‖X1‖f2‖X2.
Then, T̃ biα is bounded from Mu1X1(Rn)×M
u2
X2
(Rn) to MuY (R
n).
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Before giving the proof of Theorem 2.6, we give a lemma which can be regarded as a
characterization of BMO in the Banach function setting.





and ‖ · ‖∗ are mutually equivalent.
Proof of Theorem 2.6. Since Tbi is bounded from X1 ×X2 to Y , there is
‖χB(z,r)T biα (χB(z,2r) ~f)‖Y ≤ ‖T biα (χB(z,2r) ~f)‖Y ≤ C‖bi‖∗‖χB(z,2r)f1‖X1‖χB(z,2r)f2‖X2 ,
for fi ∈ MuiXi(Rn) and B(z, r) ∈ B.
Thus, using (2.2), we have



























which finishes the proof of Theorem 2.6.
3. Necessary conditions for the boundedness of commutators related
to bilinear operators on MuY (R
n).
In 1976, Coifman, Rochberg and Weiss [10] proved that the commutator of singular
integral is bounded on Lp(Rn) if and only if b ∈ BMO. For the boundedness of bilinear
commutators to give the necessary condition of BMO, one may see [4, 5, 19, 39] to find
more details.
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In this section, we would like to mention that the bilinear operator Tα is of ”convolution
type”. That is Kα(x, y, z) = Kα(x − y, x− z) and Kα satisfies (1.1), which implies the
bilinear integral operator is defined as
Ṫα(f, g)(x) = p.v.
ˆ
(Rn)2
Kα(x− y, x− z)f(y)g(z)dydz. (3.1)
For the case α = 0, the operator Ṫ0 was first studied by Coifman and Meyer. For
more studies about Ṫ0, one may see [11, 15, 16] et. al. to find more details.
In [5], Chaffee and Cruz-Uribe proved the following theorem.
Theorem 3.1. ([5]) Given any Banach function spaces X1, X2 and Y . Suppose that
for every cube Q, there is
|Q|−αn‖χQ‖Y ′‖χQ‖X1‖χQ‖X2 ≤ C|Q|,
where 0 ≤ α < 2n and C is a positive constant independent of Q. Let Ṫα be a bilinear
integral operator where the kernel Kα(x, y, z) is a homogeneous of degree 2n−α. Suppose
further that there exists a ball B ∈ R2n on which 1
Kα
has an absolute convergence Fourier
series. If for j = 1 or j = 2, the bilinear commutator is bounded from X1 × X2 to Y ,
then bi ∈ BMO.
As a corollary of Theorem 3.1, Chaffee and Cruz-Uribe [5] got the necessary condition
for BMO function via the boundedness of commutators related to bilinear singular and
fractional integral operators on weighted Lp space and Lp spaces with variable exponents.
Thus, it is natural to ask whether we can get the analogue results of Theorem 3.1 in
the Morrey-Banach space setting? In this section, we will give a positive answer to this
question.
Theorem 3.2. Given any Banach function spaces X1, X2 and Y . Suppose that for
every cube Q, there is
|Q|−αn‖χQ‖Y ′‖χQ‖X1‖χQ‖X2 ≤ C|Q|, (3.2)
where 0 ≤ α < 2n and C is a positive constant independent of Q. Let Ṫα be defined in
(3.1) where the kernel Kα(x, y, z) is a homogeneous of degree 2n − α. Suppose further
that there exists a ball B ∈ R2n on which 1
Kα
has an absolute convergence Fourier series.
If the bilinear commutator Ṫ biα is bounded from Mu1X1(Rn) × M
u2
X2
(Rn) to MuY (R
n) for
fi ∈ MuiXi(Rn) and u = u1u2 where ui satisfies (1.3)-(1.4), then bi ∈ BMO.
Proof. The basic techniques of this proof comes from [4, 5, 29]. Thus, we will
concentrate on the parts of the proof which change because we are working on in the
setting of Morrey-Banach spaces. For the sake of completeness, we will also show some
classical arguments and computations from [4, 5, 29].
Without loss of generality, we only consider the case i = 1.
For δ > 0, let B = B((y0, z0), δ
√
2n) ⊂ R2n for which 1
Kα
has an absolutely con-
vergent Fourier series. By the homogencity of Kα, we may take (y0, z0) satisfying
2
√
n < |(y0, z0)| < 4
√
n and δ < 1. Thus, we obtain B̄
⋂{0} = ∅, avoiding any po-
tential singularity of Kα with 0 ≤ α < 2n.
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|aj| < ∞ in the neighbourhood of |y − y0|+ |z − z0| ≤ 2δ
√
n.
Let y1 = δ
−1y0, z1 = δ
−1z0. Then, by homogeneity, we have that for all (y, z) ∈
B((y1, z1),
√















Let Q = Q(x0, r0) be an arbitrary cube in R
n, and set ỹ = x0 − r0y1, z̃ = x0 − r0z1.
Denote Q′ = Q(ỹ, r0) and Q
′′
= Q(z̃, r0).






= ∅, which allows us to use the kernel repre-
sention of T b1α for (x, y, z) ∈ Q × Q′ × Q
′′




− y1| = |
x− y
r0
− x0 − ỹ
r0
| ≤ |x− x0
r0











− z1| ≤ 2
√
n,







for (x, y, z) ∈
Q×Q′ ×Q′′ .
Fix Q = Q(x0, r0) and let σ(x) = sgn((b1(x)− (b1)Q)). From [5], we have
ˆ
Q











































which implies fj ∈ Mu1X1(Rn). Similarly, we have gj ∈ M
u2
X2















































































and we finish the proof of Theorem 3.2.
From [3, 31], we have the following lemma.
Lemma 3.3. ([3, 31]) Fix 0 ≤ α < 2n. Given any Banach function spaces X1, X2
and Y . Then, there exists a constant C, such that for every cube Q, the following two
conditions are equivalent.
(i) ‖χQ‖Y ‖χQ‖X′1‖χQ‖X′2 ≤ C|Q|1−
α
n .
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(ii) ‖AQα (f, g)‖Y ≤ C‖f‖X1‖g‖X2, where the definition of AQα (f, g)(x) is











Thus, for the one-linear case with α = 0, we have
Corollary 3.4. Given a Banach function space X with X ∈ M. If T is a linear
singular integral operator with a kernel that is homogeneous of degree n and Tb is
bounded from MuX(R
n) to MuX(R
n), then b ∈ BMO.
Unfortunately, we cannot extend the above corollary to the multi-linear case or the
case α > 0. For such two cases, we will give some applications of Theorem 3.2 on
Morrrey spaces with variable exponents and weighted Morrey spaces in the next two
sections.
4. The necessary condition for BMO via the boundedness of bilinear
integral operators on weighted Morrey spaces.
First, we introduce two kinds of bilinear integral operators as follows.
For the bilinear singular integral setting, we define

















As mentioned in Section 1, if ~Ω ∈ L∞(S2n−1), the boundedness of T~Ω on various function
spaces was studied in [6, 11, 18] et. al.







(|x− y1|+ |x− y2|)2n−α
dy1dy2.
For the operator Iα, one may see [30] to find more details.
According to [5], for brevity, we call the above two operators to be regular bilinear
integral operators.
In the last 70s, Muckenhoupt and Wheeden ([38, 39]) introduced the Ap weight class
and A(p,q) weight class to study the weighted norm inequalities for integral operators.
Definition 4.1. ([38]) We say a non-negative function ω(x) belongs to the Mucken-



















for any cube Q and 1/p+ 1/p′ = 1.
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Definition 4.2. ([39]) We say that a non-negative function ω(x) belongs to A(p,q)



















In 2009, Lerner et al. [33] introduced a new kind of multiple weight which is very
adopted for the weighted norm inequalities of the bilinear singular integrals as follows.
Definition 4.3. ([33]) Given 1 < p1, p2 < ∞ and define ~P = (p1, p2). Let 1/p =







2 . We say that the multiple weight
































for every cube Q.
Following their work, Chen and Xue [7], as well as Moen [36] independently , intro-
duced a new type of multiple fractional type A(~P ,q) weight class.
Definition 4.4. ([7, 36]) Let 1 ≤ p1, p2, 1/p = 1/p1 + 1/p2 and q > 0. Suppose that
~ω = (ω1, ω2) and each ωi is a nonnegative function on R




























For the weighted norm inequalities of commutators generalized by bilinear integral
operators, one may see [7, 33] et. al. for more details.
In [32], Komori and Shirai introduced the weighted Morrey space Mpk (ω) as follows.
Mpk (ω) =
{











with p > 0 and 0 < k < 1.
If we let X = Lpω(p > 1) and u(y, r) = ω(B)
k/p with B = B(y, r) ∈ B, then MuX(Rn)
becomes the weighted Morrey space Mpk (ω).



























































2 ) andXi = L
pi
ωi
. More details can be found in [5, p.7-8]. Moreover, using
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i (x) with 1/p = 1/p1 + 1/p2


































Thus, we have the following corollary.







2 ∈ Ap with 1/p = 1/p1 + 1/p2. Let T~Ω be a regular bilinear singular
integral. If T bi~Ω is bounded from M
p1
k (ω1) × Mp2k (ω2) to Mpk (ω∗) with 0 < k < 1, then
bi ∈ BMO.
For the linear case, as we do not need to use the bilinear reversed Hölder inequality,
we have the following corollary.
Corollary 4.6. Suppose T is a linear singular integral operator and ω ∈ Ap with
p > 1. If Tb is bounded on M
p
k (ω) with 0 < k < 1, then b ∈ BMO.
To study the fractional type operators on weighted Morrey space, we define the fol-
lowing weighted Morrey space with two weights.
Mpk (µ, ν) =
{











with p > 1 and 0 < k < 1. If we let X = Lpµ(p > 1) and u(y, r) = ν(B)
k/p with
B = B(y, r) ∈ B, then MuX(Rn) becomes the weighted Morrey space Mpk (µ, ν)(Rn).
For the commutator of bilinear fractional integral, [5, p.8] tells us that if we let








































Moreover, as ωi ∈ Api,qi implies ωqii ∈ Aqi ⊂ A∞. Using the bilinear reversed Hölder
inequality again, we have





































Corollary 4.7. Given 0 < α < 2n and ~P with p < n
α
. Let ~ω = (ω1, ω2) with











n) to M qkq
p
(νq~ω)(R
n) with 0 < k < p, then bi ∈
BMO.
For the linear case, as we do not need to use the bilinear reversed Hölder inequality,

















Chaffee and Cruz-Uribe [5, p.6] showed that (4.8) implies
|Q|−αn‖χQ‖Y ′‖χQ‖X ≤ C|Q|, (4.9)
where X = Lpωp and Y = L
q
ωq .
Thus, we have the following corollary.
Corollary 4.8. Suppose Iα is the classical Riesz potential with 0 < α < n. Let
1/q = 1/p− α/n with 1 < p < n
α
. If ω ∈ Ap,q and Ibα is bounded from Mpk (ωp, ωq)(Rn)
to M qk (ω
q)(Rn) with 0 < k < 1, then b ∈ BMO.
5. Applications of the main results to Morrey spaces with variable
exponent.
In this section, we give some applications of the main results in the previous Sections
to Morrey spaces with variable exponents.
5.1. Some basic notations and lemmas related to Lebesgue space with variable
exponent. Let P denote the set of Lebesgue measurable functions p(·) : Rn → [1,∞].
For any p(·) ∈ P, denote
p+ = sup
x∈Rn
p(x) and p− = inf
x∈Rn
p(x).
It is easy to see that 1 ≤ p− ≤ p+ ≤ ∞.
Next, we introduce the definition of Lebesgue space with variable exponent from [13,
Definition 3.2.1].
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Definition 5.1.([13]) The Lebesgue space with variable exponent Lp(·)(Rn) consists
of all Lebesgue measurable functions f satisfying
‖f‖Lp(·)(Rn) = inf
{













and Rn∞ = {x ∈ Rn : p(x) = ∞}. Thus, if we replace X by Lp(·), MuLp(·)(Rn) becomes
the Morrey space with variable exponent Mup(·)(R
n).
Next, we introduce the definition of the class of exponent functions used in the next
part of this paper.
Definition 5.2. Let p(·) : Rn → R. p(·) is said to be the globally log-Hölder
continuous if there exists a constant C > 0 and p∞ ∈ R, such that
|p(x)− p(y)| ≤ C









is globally log-Hölder continuous, we denote
Plog = {p(·) ∈ P} .
It is easy to see that p(·) ∈ Plog if and only if p′(·) ∈ Plog.
From [8], we have
Lemma 5.3.([8, Remark 4.1.5]) If p+ < ∞, then p ∈ Plog if and only if p(·) is globally
log-Hölder continuous.
Lemma 5.4.([8, Theorem 4.3.8, Corollary 4.4.12]) Let p(·) : Rn → [1,∞]. If p ∈ Plog
and p− > 1, then L
p(·) ∈ M.
5.2. The necessary conditions for the boundedness of bilinear integral opera-
tors on Morrey space with variable exponents. As discussed in [5, p.10], suppose
that p(·) is such that the maximal function is bounded on Lp(·). Given a cube Q, if we






























and the implicit constants are independent of Q (see [8, Proposition 4.66]).
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. Let p(·), pi(·) ∈ Plog







(Rn) with u = u1u2, then bi ∈ BMO.




















. More details and conditions can be found in [5, p.11].
Then, using (5.2) again, we have
|Q|−αn‖χQ‖Lq′(·)‖χQ‖Lp1(·)‖χQ‖Lp2(·) ≤ C|Q|.
Thus, we get
Corollary 5.6. Fix 0 < α < 2n. Suppose that p(·), pi(·) ∈ Plog with pi−(·), p−(·) > 1






























(Rn) with u = u1u2, then bi ∈ BMO.
5.3. The boundedness of bilinear singular integral operator on Morrey space
with variable exponents. In [11], Cruz-Uribe and Naibo proved the following result.









)′ ∈ M with i = 1, 2 and ~Ω ∈ L∞(S2n−1), then T~Ω is bounded from Lp1(·)(Rn) ×
Lp2(·)(Rn) to Lp(·)(Rn).
Denote




























|(x− y1, x− y2)|2n
f1(y1)f2(y2)dy1dy2






satisfies (1.1) with α = 0.
Moreover, from (5.1)-(5.2), it is easy to get
‖χB‖Lp(·)‖χB‖Lp′1(·)‖χB‖Lp′2(·) ≤ C|B|
2. (5.3)
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Thus, we have
Corollary 5.8. Suppose that p(·), pi(·) ∈ Plog with pi−(·), p−(·) > 1. Moreover, we as-
sume p1 and p2 are real numbers with 1/p1+1/p2 ≤ 1, L(
pi(·)
pi
)′ ∈ M and ~Ω ∈ L∞(S2n−1).















for fi ∈ MuiLpi(·)(R
n).
5.4. The boundedness of Bilinear C-Z operator on Morrey space with variable
exponent with fi ∈ Lpi(·)(Rn). We recall some definitions and properties about bilinear
C-Z operator.




K0(x, y1, y2)f1(y1)f2(y2)dy1dy2 (5.4)




Here the the kernel K0(x, y1, y2) in (5.4) is said to be a bilinear C-Z kernel if K is
defined off the diagonal x = y1 = y2 in R
2n and satisfies (1.1). Moreover, we assume
that K also satisfies












for some ǫ > 0 and |yj − y′j| ≤ 12 max0≤k≤2 |yj − yk|.





K0(x, y1, y2)f1(y1)f2(y2)dy1dy2 +m(x)f1(x)f2(x) (5.7)
for all bounded fi with compact support.
For the boundedness of bilinear C-Z opeator on product Lp spaces with variable expo-
nents, one may see [28, 44, 45] et al. to find more details. In order to apply Theorem 2.3
to get the boundedness of T on product Morrey spaces with variable exponent, we need
to show T is precisely given by (5.7) with fi ∈ Lpi(·)(Rn). Thus, we study the following
maximal truncation of T.










For the study of T∗, one may see [17, 43] et. al. to find more details.
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For any locally integrable function f , the sharp maximal function of f is defined by







Moreover, we denote M ♯δ (f)(x) = M
♯(|f |δ)(x)1/δ with any δ > 0.
For the sharp maximal function on Lp(·)(Rn), we have
Lemma 5.9. ([13, Theorem 4.54]) Let p(·) ∈ Plog. If 1 ≤ p− ≤ p+ < ∞, then there
exists constant C independent of f , such that
‖f‖Lp(·)(Rn) ≤ C‖M ♯(f)‖Lp(·)(Rn).
Then, we have
Lemma 5.10. Let p(·), pi ∈ Plog with 1 < pi−(·) < ∞ for i = 1, 2. Then both T∗ and
T can be extend a bounded bilinear operator from Lp1(·)(Rn)× Lp2(·)(Rn) to Lp(·)(Rn).
Proof. From [42], we have
M ♯δ (T(
~f))(x) ≤ CM(f1)(x)M(f2)(x)
for 0 < δ < 1/2 and all fi ∈ C∞0 (Rn). Moreover, Si and Xue [43] also proved the
analogous results for T∗ as
M ♯δ (T
∗(f1f2))(x) ≤ CM1(f1)(x)M(f2)(x).
Thus, according to Lemma 5.9, [8, Proposition 2.18] and the Hölder inequality on
Lp(·)(Rn) ([8, Corollary 2.28]), for any 0 < δ < 1/2 with p(·)
δ
∈ Plog and 1/δ ≤ (p(·)δ )−,
we have













for all fi ∈ C∞0 (Rn).
As C∞0 (R
n) is dense in Lp(·)(Rn) (see [13, Theorem 3.4.12]), we get the boundedness
of T and T∗ from Lp1(·)(Rn)× Lp2(·)(Rn) to Lp(·)(Rn) for all fi ∈ Lpi(·)(Rn).
Next, we are ready to show that T satisfies (5.7) with fi ∈ Lpi(·)(Rn).
Lemma 5.11. Let p(·), pi(·) ∈ Plog and T be a bilinear C-Z operator. If 1 < pi− ≤
pi+ < ∞ and 1p(·) = 1p1(·) +
1
p2(·)
, then (5.7) holds with m ∈ L∞ and all fi ∈ Lpi(·)(Rn) a.e.
Proof. For any fi ∈ Lpi(·)(Rn), we denote








As C∞0 is dense in L
p(·)(Rn) ([13, Theorem 3.4.12]), we know that for fi ∈ Lpi(·)(Rn),






Tǫ(g1 + h1, g2 + h2)− lim inf
ǫ→0
Tǫ(g1 + h1, g2 + h2)
∣∣∣∣ .
It is easy to see that ω(f1, f2) is sublinear for f1 and f2 respectively. Thus, we have
ω(~f)(x) ≤ ω(h1, h2)(x) + ω(g1, g2)(x) + ω(h1, g2)(x) + ω(g1, h2)(x).




Tǫ(g1, g2)(x) = T(~g)(x),
which implies ω(g1, g2)(x) = 0 a.e.
Thus, we obtain
‖ω(~f)‖Lp(·)(Rn) ≤ ‖ω(h1, h2)‖Lp(·)(Rn) + ‖ω(h1, g2)‖Lp(·)(Rn) + ‖ω(g1, h2)‖Lp(·)(Rn).
Since Tǫ(~f)(x) ≤ T∗(~f)(x). Then, using Lemma 5.10, there is
‖ω(~f)‖Lp(·)(Rn) ≤ ‖ω(h1, h2)‖Lp(·)(Rn) + ‖ω(h1, g2)‖Lp(·)(Rn) + ‖ω(g1, h2)‖Lp(·)(Rn)
≤ C‖T∗(g1, h2)‖Lp(·)(Rn) + C‖T∗(h1, h2)‖Lp(·)(Rn) + C‖T∗(g2, h1)‖Lp(·)(Rn)
≤ C‖g1‖Lp1(·)(Rn)‖h2‖Lp2(·)(Rn)
+ C‖h1‖Lp1(·)(Rn)‖g2‖Lp2(·)(Rn) + C‖h1‖Lp1(·)(Rn)‖h2‖Lp1(·)(Rn)
≤ Cǫ1‖g1‖Lp1(·)(Rn) + ǫ2‖g2‖Lp2(·)(Rn) + ǫ1ǫ2.





K0(x, y1, y2)f1(y1)f2(y2)dy1dy2 exists.






Obviously, ω0 is sublinear for f1 and f2 respectively and we have
|ω0(~f)(x)| ≤ |T∗(~f)(x)|+ |T(~f)(x)|+ C|f1(x)f2(x)|.
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Using the same notation of gi and hi as above. As g1, g2 ∈ C∞0 (Rn), we know that
ω0(g1, g2)(x) = 0. Thus, we obtain
‖ω0(~f)‖Lp(·)(Rn) ≤ ‖ω0(~h)‖Lp(·)(Rn) + ‖ω0(h1, g2)‖Lp(·)(Rn) + ‖ω0(g1, h2)‖Lp(·)(Rn)
≤ C
(
















ǫ1ǫ2 + ǫ1‖g2‖Lp(·)(Rn) + ǫ2‖g1‖Lp(·)(Rn)
)
.
As ǫi is arbitrary, we can easily get (5.7) and the proof of Lemma 5.11 has been
finished.















we prove that the bilinear C-Z operator satisfies the conditions of Theorems 2.2-2.3.
Thus, we know that T is well defined on Mu
Lp(·)
(Rn). Then, using Theorem 2.3, we have
Theorem 5.12. Suppose that p(·), pi(·) ∈ Plog with pi−(·) > 1 and 1p(·) = 1p1(·) +
1
p2(·)








(Rn) with u = u1u2.
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